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§6.2 | Volumes  
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Disk Method 
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Washer 

 
 

 

Watch out for which radius is the OUTER and which is the INNER!  
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Volume by Slicing 
 
Volume by slicing is the more general technique associated with finding the 
volume of a revolution by using disks & washers.  
 

 

 
 
 
Example 7:  Find the volume of a solid with a circular base of radius 1 unit, 

with parallel cross-sections perpendicular the base as 
equilateral triangles.  

 

Example 8:  The base of an elliptical curve is 2 29 4 36x y  . Cross-

sections perpendicular to the y-axis are isosceles right triangles 
with the hypotenuse at the base. Find the volume of this object.  
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Other Examples (ITP) 
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§6.3 | Volumes Using Cylindrical Shells 
 

The solids we wish to find the volume for can be complicated. Thus, we need as 
many tools as possible. 
 

 

 

 

 

 
 



Math 31 | Lecture Notes | Chapter 6  9/18/2019 
 

10 
 

  
 
 
 

Example 1:  Find the volume of the region bound by 2 32y x x   and 0y   

revolved round the y-axis. 
 

Example 2:  Find the volume of the region bound by 3y x , 0x   and 

4 2y x   rotated around the y axis.  

 
Example 3: Find the volume of the region bounded by the graph of  

siny x , the x-axis and 0 x    rotated about the line 

2.x     
 
Example 4:  Find the volume of the region R bound by 1y x   and 

21
1

3
y x    , (a) rotated around the line 1x   and (b) 2y  . 

Use either the disk or shell method.  
 
 
Question: How do the limits of integration change roles with the disk/washer 
method versus the cylindrical shells method? 
 

 
(HANDOUT) 
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Big Questions for §6.2 & §6.3 

1. Where is the axis of rotation with respect to the region?  

2. How is the region defined? Function of x? function of y? 

3. Is the region defined in parts? That is, does it cross itself?  

4. Which radius is the outer-0radius vs. the inner-radius? What is the top and 

bottom of the shell?  
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Math 31 | §6.4 Work 
 
Work is a measure of the Force (F) exerted through a distance (d).  
 

W F d   
 
We do not need calculus if the force exerted is constant.  
 
Example 1: Find the work if a force of 3 N is exerted pushing a box for 8 meters. 
 
However if the amount of force is changing over the distance, then calculus may 
be needed.  
 

Example 2: Find the work if a varying force of 
1

( )
1

F x
x




  N is applied to a box 

for x meters for a total distance of 8 meters. 
 
 
Example 3: A tank has the shape of an inverted circular cone with height 10 m 
and base radius 4 m. It is filled with water to a height of 8 m. Find the work 
required to empty the tank by pumping all of the water to the top of the tank. 
 

 
 
 
 
 
What do we need to know to answer this question? 
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Example 4: A tank has the shape of wedge (shown bellow) is completely filled 
with water. The height of the tank 6 ft., the width of the tank is 10 ft. and the tank 
extends back 12 ft. It is filled with water to a height of 8 m. Find the work required 
to empty the tank by pumping all of the water to the top of the tank. 
 
 

 

sec
62.5 ft   
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§6.5 Average Value of a Function 
 
Example 1: Find the average force exerted pushing a box with a force 3 N for 8 

meters. 
 
Average Value of a Function over an interval 
 

The average value of f on the interval [a, b] is defined by 
 

1
( )

b

AVG
a

f f x dx
b a


   

 

Example 2: Find the average force exerted pushing a box of 
1

( )
1

F x
x




  N for a 

total distance of 8 meters. 
 
Example 3: Find the average value of the function ( ) 188sin(377 )f x x  on the 

interval  0,1   

 
Example 4: In a certain city the temperature (in F0) t hours after 9 am was 

modeled by the function, ( ) 50 12sin
12

t
T t

 
   

 
 . Find the average temperature 

during the period from 9am to 9 pm. 
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Hooke’s Law (from §6.4) 

 

 
Example 5: A force of 30 N is required to hold a spring stretched from its natural 

length of 10 cm to 25 cm. How much work is done to stretch the spring from 15 
cm to 30 cm? 
 
Example 6: A force of 30 N is required to hold a spring stretched from its natural 

length of 10 cm to 25 cm. What is the average forced exerted if the spring is 
stretched from 15 cm to 30 cm? 
 


